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On the exact propagator beyond and at caustics
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Abstract. We evaluate exactly the propagator beyond and at caustics for a harmonically
bound electron subject to a constant magnetic field and a time-dependent electric field.
Our new results are confirmed by investigating the classical paths joining two end-point
positions.

For a harmonically bound electron subject to a constant magnetic field B (along z
direction) and a time-dependent electric field E(¢) (in xy plane), the Lagrangian has
the form

L(r, "', t)=LH(Z’ Z’, t)+Li(rL9 r‘_L’ t) (1)
with

Li(z, 2 6) =3m(* - Q%2) + eE (1) (2)

L(r, i, t)=4m(P-Q* +wr Jr)+eE (1) r, 3)

where w = eB/m is the cyclotron frequency, () is the oscillator frequency, and r, and
E (1) denote, respectively, the component of r and E(¢) perpendicular to B. The
(2x2) matrix J is given by (J*= —I, identity matrix)

0 -1
J= .
(7o)
Both (2) and (3) are one-time quadratic Lagrangians, and their propagator can be
evaluated exactly by using the Van Vleck (1928)-Pauli (1952) method. Jones and

Papadopoulos (1971) carried out the calculations and obtained the propagator of
Lagrangian (1) as

K(r,r; T)=Ky(2" 2", )K.(r, r'; T) (4)

1/2 i
) exp (; S,(z", 2", T))

m{} 1z im{} 2. n
=\ expy————— (27" +2z%)cos QT -2z'2"

with

2 " ',
Ky(z", z'; T)—_—( 1 ‘(a (2", 2, T)>

2mih 3z"9z’

QRmihsinQT 2hsin QT

§ Present address: Center for Relativity, Department of Physics, The University of Texas at Austin, Austin,
TX 78712, USA.

0305-4470/85/181127+05802.25 (© 1985 The Institute of Physics L1127



L1128 Letter to the Editor

—Zij (z'sin Q(t"~ 1)+ z"sin Q{t — ') E,(¢t) dt
m&l j,
e 2 fe
—2( > J J' sinQ(t”—t)sinQ(-r—t’)Ez(t)Ez(‘r)dtdf]}
mn' t t
for0<T<mw/Q (5)
and
1 3*S . (r'¢v.: T) i
K (r.La r.L, T) (m \det (ﬁ) ) eXp <;S (r_L’ rJ_, T))

_( mQ)’ )ex { imQ’
“\2rihsinQ'T) P 2hsin T
!:(rf-i-r ycos Q' T —2¢ T2

2
+mS,I [sin Q"= 1)F" e™/2

+sin Q'(t—t")r" e e 2E (1) dt

2 t” t
—2(;%) J Jsinﬂ’(t”—t)sinﬂ’(f—t')
xE’l(t)e"""("’)/zEL(T)dIdT:” (6)

for 0< T<m/Q'. Here we have assumed that Q*=Q?+w?/4, T=1"—¢ and (+", t")
and (r), t') are the final and initial spacetime points. We have also defined

e*”® =cos (8)I £sin (8)J

for any variable 6.

However the propagator (4) obtained is only valid for 0< T < #/Q). In this letter
we have extended their results to the following cases: (a) beyond caustics, sin QT # 0
with QT > 7 orsin )'T # 0 with Q'T > 7 and (b) at caustics, sin QT =0o0rsin Q' T =0.
Since the z coordinate can always be separated from r, (x and y) coordinates, we can
evaluate K(z",2'; T) and K, (¢, r\; T) beyond and at caustics, independently.

By extending the Feynman formula (Feynman and Hibbs 1965), Horvathy (1979)
obtained the propagator of the harmonic oscillator by including the Maslov correction

factor. His result has been generalised by Cheng (1984a) for the time-dependent forced
harmonic oscillator. Thus we have

mQ 1z i
K ” /; T> Q = - " N
(2" 2 7/8) (—2whlsinQT|) Mg exp (h Sy(z", 2, T)) (7

with

Mo =exp{~-im[1+2ent(QT/7)]/4}
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and
ie

Ky(2", 2y T=km/Q)=exp(—ikw/2) exp [f;

(z"J cos Q(t"—t)E, (1) dt

B j J' sin Q(t"— 1) cos Q(t" — 7) E,(1) E,(7) dt df)]
mQ) t t

x §(z"— zZ—(—l)"z') (k being a positive integer) (8)
with

t

z,=(e/mfd) J sin Q{¢t"—t)E,(¢t) d¢.

Here ent(Q2 T/ 7r) stands for the greatest integer which is less than or equal to Q T/ .

Following the idea of Levit and Smilansky (1977) by expanding the path variations
in terms of the basis of the eigenfunctions in Morse’s boundary problem (Morse 1934),
we then obtain from the Lagrangian (3)

mn, —smon,+(mQ*+A)n, =0

mi, +3imown, + (mQ*+A)n,=0 @

with the boundary conditions
m=n=n{=n7=0

for the path variations n(¢), which is defined as n(t)=r, (¢)—rS'(¢), and r'(¢) is the

classical path connecting (7', t') and (7, ¢"). It can easily find the eigenvalues of (9),
A =m(n?*7? TH[1-(Q' T/ nm)?] n=12,... (10)

which are double degenerate. By studying (10) carefully, the index of the classical
path is 2ent(Q'T/w). Here ent(Q'T/m) represents the greatest integer which is less
than or equal to Q'T/#. In other words, the Morse theory (Milnor 1963) can be used
to present the phase of the propagator in terms of the number of focal points on the
classical path between the initial and final positions.

Hence we have

K (rl, 7l T> m/Q) = (ﬁ:;%ﬁ—ﬂ) My exp (% NG T)) (1)
with

Mg =exp{—in[1+2ent(Q'T/7)]/2}
since the time-dependent electric field E, (¢) will not affect the frequency 2'. Now we

introduce the modified semi-group property of the propagator (Cheng 1984b)

; ’ i.n " n ! 14
K. (¥, r; T=jm/Q)=exp (—17) K. (rl e "= 0)|| K (r, o t—1)]

xj [ exp (o USL(80, 123 0= 0 S.rs s - 01) ar,

- -0

j=12,... (12)
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since the Maslov correction jumps in phase at every half-period at caustics. However,
we should mention that in evaluating (12) one must choose f so that there exists one
and only one classical path between the pair of spacetime points (r, t') and (r_, 1),
and (r,, 1) and (r’, t") considered. Choosing Q'(t"—1)= /2 and carrying out the
integration (12) with the help of (11), we arrive at

K. (ri, v, T=jm/Q)
.. . l”
=exp (—%) exp [1_; (rﬁ J cos Q'(t"—1) e " "U2E (1) dt
.

e

-—— J J. sin Q'(t"—1) cos Q'(t"—7)
mf} t t

xE (t)e U2 (1) dt dT)]

x 8P - Ry —(-1Y e T/2p) (13)

after lengthy but straightforward calculations. Here we have set

»
4 € : teogt ~Jw(t"—
RL:WJ,, sin Q'(1"—t) e IR (1) dt.

From the Lagrangian (3), the equation of motion is of the form
Fotolf, +Q% =eE (t)/m. (14)
The classical path of (14) can be written as
r()=R,(1)+[sinQ(t"—t) e "2 +5in Q'(t - 1')
x e 02 — R /sin Q'T (15)

where

t

R,(1) =ﬁ J‘ sinQ'(t—7) e 7"""2E (7) dr.
p

At caustics ('T = jm, (15) is invalid unless the following condition is satisfied:
sin Q' ("= 1) e U2 +5in Q(¢t— 1) T2 (p - RE) = 0. (16)

For our choice of ¢ in integrating (12), (16) reduces to the conditions of the arguments
of two-dimensional Dirac 8> appearing in (15) to vanish. In other words, there exists
an infinite number of classical paths between the initial position (7, ') and the final
position (#7, t"). For the case of a constant magnetic field only, (13) reduces to

K (r}, v T=2jm/w)=exp(=ijm)}8 7 (r —r! 17)

(the factor 2 in (24) of Cheng (1984b) should be removed) as we expect. Finally, we
are able to obtain the propagator of our dynamical system by combining only (5) or
(7) or (8) with (6) or (11) or (13) for different cases.
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